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We study the graphs in which the number of geodesics between any two vertices depends 
only on their distance. We consider also a connection between some of these graphs and 
geodetic graphs. 
0. Introduction 
In this paper we study F-geodetic graphs, which are introduced in [6]. They are 
a generalization of distance-regular graphs (for other kinds of generalizations ee 
e.g. [4, 5, 171). 
In the first section we show some properties of the geodetic function F, using 
the associated function of F and the F-binomial coefficients (see [7]). We also 
give a sufficient conditions for an F-geodetic graph to be distance-regular (Th. 
1.4). 
In the second section we show that all regular bipartite F-geodetic graphs are 
also distance-regular (Th. 2.2); moreover, a new proof of Foldes theorem is given 
in Th. 2.4 (see [9]; other proofs are in [12, 141, while a similar result is shown in 
[6]). There we consider other conditions which can characterize hypercubes (Th. 
2.6). 
In the third section we deal with a special kind of F-geodetic graph, 
investigating its relations with geodetic graphs (Th. 3.4). 
1. Preliminaries 
In this paper we deal with finite, undirected, simple, connected graphs. For 
such a graph G we denote by V(G) (by E(G)) the vertex-set (the edge-set), and 
by d(x, y) the distance between x, y E V(G). 
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As in [13], for x, y E V(G) we state: 
Z(x, Y) = (2 e V(G) 1 d(x, 2) + d(z, y) = d(x, y)} 
and, for i = 0, 1, . . . , d(x, y), 
N&x, y) = {z E V(G) 1 d(x, z) = i, d(y, z) = d(x, y) - i}. 
We also use the notation 
N-,(x, Y) = (2 E V(G) I& xl = 1, d(y, 2) = 4x, y) + 1) 
and, for i = 0, 1, . . . , diam(G), Gi = {z E V(G) 1 d(x, z) = i}. 
A &stance-regular graph (see [3]) is a graph G such that the numbers IN,(x, y)] 
and IN-,(x, y)] depend only on d(x, y). It is well known that such graphs are 
regular. 
We say, with [13], that G is interval-monotone if, for every x, y, U, v E V(G), if 
x, y E Z(u, V) then Z(u, V) contains Z(x, y). A set of the form Z(x, y) will be called 
an interval. 
For a graph G, the subgruph of G induced by X c V(G) is the graph X, whose 
vertex-set is X and in which two vertices are adjacent if and only if they are 
adjacent in G. Recall (see [lo]) that the eccentricity of a vertex x of G is the 
maximum of the set {i I there is y E V(G) such that d(x, y) = i}; if the eccentricity 
of each vertex of G is equal to diam(G), then G is said to be self-centered. 
In this paper we write e(x) for the eccentricity of x and y(x, y) for the number 
of geodesics between the vertices x and y. When x and y are adjacent, we write 
sometimes x -y instead of xy E E(G). The set of natural numbers is denoted here 
by N. 
Recall (see [6, 7, 161) that G is said to be a graph with a geodetic function if 
there is a function F: (0, 1, . . . , diam(G)} + N, such that y(x, y) = F(d(x, y)) 
for every x, y E V(G); in this case we say that G is F-geodetic. If F(i) = 1 for each 
i, we say that G is geodetic. The class of all graphs with a geodetic function will be 
denoted by 9. 
Taking into account [14, Corollary 51, we say that G is interval-regular if it is 
F-geodetic with F(i) = i! for all i. 
It is known (see [7, 161) that, if there is an F-geodetic graph of diameter h, 
then there is a function f : (0, 1, . . . , h} + N, with f(0) = 0 and, for each i 3 1, 
F(i) =f(i)F(i - 1); this function is said to be the associated function of F. 
Moreover, if i and n are nonnegative integers, with i s n <h, the number 
F = F(n)/F(i)F(n - i) 
is said to be an F-binomial coeficient. The properties of these numbers are 
studied in [7]. 
Throughout this paper, given any F-geodetic graph, we condider the associated 
function f of F fixed and we use the above symbol for the F-binomial coefficient. 
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We denote by 6(x) the degree of the vertex x in a (fixed) graph, by 6(G) the 
minimum degree of G. 
We recall here the following result (proved in [16], Th. 10; see also [7], 
Corollary 4.7). 
Theorem 1.1. A graph of diameter h is F-geodetic for some F if and only if there is 
a function f : (1, 2, . . . , h}-,Nsuchthat,foreachjE{1,2,...,h},ifd(x,y)=j 
then IN,(x, y)l =f(j). Moreover, F(j) =f(j)F(j - 1) for each j E (2, 3, . . . , h}. 
From Th. 1 it follows that the graphs in 9 are the uniformly geodetic graphs 
studied in [8]. Furthermore, it is clear that every distance-regular graph lies in 9. 
Proposition 1.2. Let F: { 1, 2, . . . , h} + N be a function. For a graph G of 
diameter h, the following are equivalent: 
(1) G b F-geodetic; 
(2) for every a, b E V(G) and for every i E (1, 2, . . . , d(a, b)} we get 
INi(a, b)l = ( d’ai “}F; 
(3) for every a, b E V(G) we get 
IN,(a, b)l = [ d(ai ‘)}; 
Lemma 1.3. Let G be an F-geodetic graph and let a, b E V(G). Then 
IZ(a, b)l = ‘y) ( d(ai b)} . 
i=O F 
Proof. The interval Z(a, 6) is the union of the disjoint sets Ni(a, b), for 
i=O, 1,. . . , d(a, b); the lemma follows from Proposition 1.2. Cl 
Theorem 1.4. Let G be an F-geodetic graph. Then 
di;g’ ( dia;(G)}Fs IV(G)l. (1) 
The equality hol& if and only if V(G) = Z(a, 6) for each a, b E V(G) with 
d(a, b) = diam(G). Moreover, if the equality holds and G is self-centered, then G 
is dktance-regular. 
Proof. By Lemma 1.3, we only need show the last past of the assertion. Suppose 
that (1) holds with equality and that G is self-centered. 
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Let a, b E V(G) and let a’ E V(G) with d(a, a’) = diam(G). By Lemma 1.3, 
IZ(a, a’)] is equal to the left-hand side of (l), thus IZ(u, a’)1 = IV(G)l. Therefore 
Z(u, a’) = V(G), hence d(b, a’) + d(b, a) = diam(G). 
If c -b then we get c E KI(b, a’) if and only if d(c, a’) = d(b, a’) - 1 if and 
only if d(c, a) = diam(G) - d(b, a’) + 1 if and only if c E Z’CI(b, a). This proves 
that N_I(b, a) = N,(b, a’), so we get IN_I(b, a)[ = IZV,(b, a’)1 =f(diam(G) - 
d(u, b)); therefore, the number IiKI(b, a)1 depends only on d(u, b). We conclude 
that G is distance-regular, because it is clear that each vertex has degree 
f(diam(G)). 17 
The hypothesis that G is self-centered, in the last part of Th. 1.4, cannot be 
omitted. If G is obtained from a complete graph by deletion of an edge, it 
satisfies all other conditions, but obviously it is not distance-regular. 
Proposition 1.5. Let G be an F-geodetic graph, and let i and j be positive integers, 
with i c j 6 diam(G). Then f(i) <f(j). Moreover, if i + j =S diam(G), the product 
f(l)f(2). . . f(i) divides the product f(j + 1). . . f(j + i). 
Proof. Choose i E { 1,2, . . . , diam(G) - l}; let x and y be elements of V(G), 
with d(x, y) = i + 1 and let z E N,(y, x). Every element of N,(x, z) lies in a 
geodesic between x and z, hence in a geodesic between x and y. It follows that 
N(x, 2) c N(xt Y) w ence h f(i) Sf(i + 1). This proves the first part of the 
assertion. 
Let i and j be positive integers, with i + j c diam(G) and let x and y be vertices 
of G, with d(x, y) = i + j. Then 
IN(x, y)I = (i ~ j},= F(i + j)lF(i)F(j). 
Since F(i)F(j) =f(l)f(2). . . f(i)f(l)f(2). . . f(j) and F(i + j) =f(l)f(2). . . 
f(j)f(j + 1) . . . f(j + l), the assertion follows. Cl 
The conditions on f in the above proposition are analogous to ones concerning 
distance-regular graphs (see [3], p. 140). 
Proposition 1.6. Let G be un F-geodetic graph, of diameter greater than 2. Zf 
f (2) = f (3) # 1, then G has a triangle. 
Proof. Let a, b E V(G), with d(u, b) = 3, and let a’ and a” be different elements 
of N,(u, b). Each vertex in the set N,(b, a) is adjacent to both a’ and a”, because, 
e.g. from N,(b, a’) c N,(b, a) we get ZV,(b, a’) = N(b, a). 
Therefore the number of common neighbours of a’ and u” is at least f (2) + 1. 
Hence d(u’, a”) # 2 and a’ -u”. 0 
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Let G and H be graphs. The Cartesian product G x H is the graph having 
V(G) x V(H) as vertex-set, in which (x, a) - (y, b) if and only if either x = y and 
a-b, orx-y anda=b. 
Proposition 1.7. Let G and G’ be elements of 9, each having at least two vertices. 
Then G x G’ E 9 if and only if both G and G’ are interval-regular. 
Proof. Let (a, x), (b, y) E G x G’, and let d&a, b) = i, d&x, y) = j. We may 
suppose that i c i. One can directly see that dcxc((a, x), (b, y)) = i + j (see also 
[14], p. 255) and that every geodesic between (a, x) and (b, y) is as follows: 
(&I, x0), (a1, x0)* . . . j (at(l), xO)* (4(l), x1), * * * 9 Cat(j)9 xj-l), 
(at(j), xj)3 tat(j)+l, xj)> . 1 * 7 (4, xj)9 
wherea=aO, a, ,..., ai=bandx=xO,x, ,..., xi-r9 xj=yaregeodesics(inG 
and G’, respectively), while t(l), t(2), . . . , t(j) is a sequence of elements of 
{1,2,. . . , i} with t(1) < t(2) < - - * s t(j). Since the number of these sequences is 
(ifj), we get ~((a, x), (b, y)) = F(i)F’(j)(‘tj); this statement holds also for i <j, 
because (i 7’) = (if’). Therefore, if G X G’ is F”-geodetic, we have F”(i +j) = 
F(i)F'(j)(' tj) for each i s diam(G) and i < diam(G’). 
Let us now prove, by induction on i, that F”(i) = i!. This is clear for i = 1; 
suppose it is true for a given i. Thus F”(i + 1) = F”(i)F”(l)(‘: ‘) = (i + l)!, 
showing that G x G’ is interval-regular. 
The converse of the assertion is already known ([14], Proposition 7). 0 
A result similar to the above proposition has been shown in [12], Remark 3. 
We conclude this section with a few results about the elements of 9 which have 
cut-vertices; we have already dealt with these graphs in [16], Theorem 12. 
Theorem 1.8. Let G be an F-geodetic graph with a cut-vertex c. Then F(e(c) + 
1) = 1. Moreover, if G is an F-geodetic graph and c is a vertex of G, with 
e(c) # diam(G) and such that F(e(c) + 1) = 1, then the graph G’ obtained by 
adding to G a new vertex a and the edge ac is F-geodetic. 
Proof. Let {A, B} be the separation of G induced by c. In one of the two sets, 
say in B, there is a vertex b such that d(b, c) = e(c). Let a E A be adjacent to c. 
Then d(a, 6) = e(c) + 1 and the geodesics between a and b are obviously obtained 
adding the edge ac to the geodesics between c and b. It follows that 
F(e(c) + 1) = F(e(c)). H ence f(e(c) + 1) = 1 (Th. l.l), f(i) = 1 for each is 
e(c) + 1 (Proposition 1.5) and thus F(e(c) + 1) = 1. 
The second part of the assertion follows from the remark f (2) = f (3) = ’ . . = 
f (e(c) + 1) = 1. q 
Corollary 1.9. Let G be an F-geodetic graph. Zf e(x) E {diam(G), diam(G) - l} 
for each x E V(G), then G is either self -centered or geodetic. 
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Proof. Let us suppose that G is not self-centered, and let c be a cut-vertex of G. 
Since e(c) # diam(G), e(c) = diam(G) - 1. From Th. 1.8 we get F(diam(G)) = 
F(e(c) + 1) = 1, and by Th. 1.1 this implies that f(i) = 1 for each i. Cl 
2. The case of bipartite graphs 
In this section we will use, without mention, the following simple fact: if G is 
an F-geodetic and bipartite graph, and if x is a peripheral vertex of G (i.e. a vertex 
whose eccentricity is the diameter of G), then 6(x) = f (diam(G)). Namely, if 
y E V(G), with d(x, y) = diam(G), a neighbour of x cannot have distance 
diam(G) from y (otherwise we get an odd cycle). Hence G,(x) = ZVi(x, y) and so 
IGi( = IN& Y)I. 
Lemma 2.1. Let G be an F-geodetic and bipartite graph of diameter h. Zf 
f (h - 1) #f(h), then G is self-centered and regular of degree f(h). 
Proof. Let us suppose that G is not self-centered. Since it is obviously connected, 
there are two vertices a and b of G, with ab E E(G) and e(a) = h, h #e(b). Let 
c E V(G), with d(a, c) = h; then d(b, c) = h - 1. Since f(h) #f (h - l), the set 
Ni(c, a)\Ni(c, b) is non-empty; let x be one of its elements. From d(x, a) = 
h - 1, and by the bipartiteness of G, we get d(x, b) = h, a contradiction. Thus G 
is self-centered. This means that all vertices of G are peripheral, and hence it is 
regular of degree f(h). 0 
Theorem 2.2. Let G be an F-geodetic and bipartite graph of diameter h. The 
following are equivalent: 
(1) G is distance-regular; 
(2) G is regular; 
(3) G is self -centered; 
(4) f(h) #f (h - 1). 
Proof. First we prove that (1) and (2) are equivalent, i.e. that (2) implies (1). Let 
a and b ve vertices of G, with d(a, b) = i # 0. No neighbour of x can be at 
distance i from y, because G is bipartite; hence 
66) = I%(% Y)l + W-,(-G Y)l =f (9 + IN-*(x, YN 
From (2) we get IN-,(x, y)l = 6(G) -f(i). 
We now show that (2) implies (4). Namely, let a and c be vertices of G, with 
d(a, c) = h, and let b E N,(a, c). Then d(b, c) = h - 1; each element of N,(b, c) is 
of course adjacent to b. It follows that f(h - 1) + 1 =Z 6(b), while, as a is 
peripheral, s(a) = f (h). G being regular, (4) holds. 
F-geodetic graphs 319 
By Lemma 2.1, (4) implies (3) and by the remark which opens this section, (3) 
implies (2). The proof is now complete. •i 
In this section (taking Th. 2.2 into account) we deal mainly with distance- 
regular graphs. 
All trees are of course both F-geodetic and bipartite, but not regular (when 
they have at least three vertices!). Another class of examples is as follows. 
Let 9 be a BIB-design with 3, = 1. If it is not a projective plane, its graph G is 
bipartite and F-geodetic (with F(2) = 1, F(3) = k, F(4) = k2, f(3) =f(4) = k), but 
not regular. 
Lemma 2.3. Let G be an F-geodetic and bipartite graph of diameter h, such that 
f(i) +f (h - i) =f (h) f or each i from 0 to h. Then there are a, a’, b, b’ E V(G), 
such that d(a, b’) = d(a’, b) = h, d(a, b) = d(a’, b’) = h - 1 and V(G) = 
Z(a, b’) = Z(a’, b) = Z(a, b) U Z(a’, 6’). 
Proof. Let a, b’ E V(G) with d(a, b’) = h. Each x E Z(a, b’) has degree f(h) 
(Lemma 2.1). Put d(x, a) = i: hence d(x, b’) = h -i. 
Since the number of the neighbours, of x, which lie in Z(a, b’), is f (i) + f (h - 
1) = f (h), it follows that all neighbours of x lie in this set. The subgraph of G 
induced by Z(a, b’) has thus the same degree of G. Since this is connected, we get 
V(G) = Z(a, 6’). 
Let a’ E V(G) such that a -a’; since G is bipartite, d(a’, b’) = h - 1. The set 
A$@‘, a)M(b’, a’) has cardinality f(h) -f (h - l), so it is non-empty; let b be 
one of its elements. It is clear that d(b, a) = h - 1 and d(a’, b) = h. 
As before, we obtain also V(G) = Z(a’, b). Now x E V(G) belongs to a 
geodesic between a and b’ and to a geodesic between a’ and b. Since G is 
bipartite, we have d(x, a) # d(x, a’). If d(x, a) < d(x, a’), then h - 1~ d(x, a) + 
d(x, b) s d(x, a’) + d(x, b) = h. Hence d(x, a) + d(x, b) = h - 1, so x E Z(a, b). 
Similarly, if d(x, a’) < d(x, a) it follows x E Z(a’, b’). This completes the 
proof. 0 
Theorem 2.4 (Foldes [9]). A bipartite graph G is a hypercube if and only if it is 
interval-regular. 
Proof. It suffices to show the “if’ part. Now G is F-geodetic, such that the 
associated function of F is the identity on { 1,2, . . . , diam(G)}, so it satisfies the 
hypothesis of Lemma 2.3. With the notation of this lemma, put X = Z(a, b) and 
Y = Z(a’, 6’). The graphs X, and YG, induced on G by X and Y respectively, are 
regular of degree diam(G) - 1. Namely, if x E X, put d(x, a) = i; then the degree 
of x in X, is f (i) + f (diam(G) - i - 1) = diam(G) - 1. 
Since each vertex of X has exactly one neighbour in Y, and vice versa, the map 
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v :X+ Y defined by: 
rpx=y ifandonlyif YEY and x-y 
is a bijection. 
If x -x’ (x, _r’ E X), then there is a unique vertex adjacent to both x’ and q’x 
and different from x: this one must be (px’ and hence q_x - qx’. Reasoning in this 
way about Y, we see that 47 :X, +- Yc is an isomorphism. It is also easy to verify 
that any geodesic between two vertices of X (of Y) must lie in X (in Y, 
respectively). 
Therefore, G is isomorphic to the Cartesian product of X, and KZ; a simple 
inductive argument can now complete the proof. 0 
Lemma 2.5. Let G be an F-geodetic and bipartite graph of diameter h. Suppose 
that the associated function of F is strictly increasing. Then, for every a, b’ E V(G), 
with d(a, 6’) 3 2, there are a’ - a and b -b’, with d(a, 6) = d(a’, b’) = d(a, b’) - 
1, Z(a, b) tl Z(a’, b’) = 0 and Z(a, b) U Z(a’, b’) s Z(a, b’). Moreover IV(G)1 2 2h. 
Proof. Let a, b’ E V(G), with d(a, b’)=i+1>2. Let a’EIV,(a, b’). The set 
N(b’, a)\N(b’, a’) is non-empty, because its cardinality is f (i + 1) -f(i). Let b 
be one of its elements. We have Z(a, b) E Z(a, b’) and Z(a’, b’) G Z(a, b’). 
Let x E Z(a, b); then d(a, x) + d(x, b) = i and d(a, x) + d(x, b’) = i + 2. It 
follows that d(x, b’) = d(x, b) + 1 and, similarly, d(x, a’) = d(x, a) + 1. Thus 
d(a’, x) + d(x, b’) = i + 2, and hence x eZ(a’, b’). Thus the first part of the 
assertion follows. 
Let a, b E V(G) with d(a, b) = i. We have to show that IZ(a, b)l L 2’, which is 
obvious for i = 0 and i = 1. 
Suppose, by induction on i, that this is true for i - 1. By the just proven 
property, Z(a, b) contains the union of two disjoint intervals, each of which must 
have at least 2’-’ elements giving IZ(a, b)l 3 2’. Now IV(G)1 2 2h clearly holds, 
because V(G) contains at least an interval Z(a, 6) with d(a, 6) = h. Cl 
The following is an example of a graph G, satisfying the conditions of Lemma 
2.5, with IV(G)1 > 2h. 
Let q be a power of a prime, and let 9 be a projective space of dimension 3 
over GF(q). Let G be the graph having as vertices the points and the planes of 9, 
in which two vertices are adjacent if and only if they are incident in 9. Clearly, G 
is bipartite. Furthermore, it has diameter h = 3 and it is F-geodetic, with f (1) = 1, 
f (2) = q + 1 and f (3) = q* + q + 1. On the other hand, the number of vertices of 
G is clearly greater than 2h = 8. 
Theorem 2.6. Let G be an F-geodetic and bipartite graph of diameter h. Suppose 
that the associated function of F is strictly increasing. Then the following are 
F-geodetic graphs 321 
equivalent: 
(1) G k a hypercube; 
(2) IV(G)1 = 2h; 
(3) G is interval-monotone. 
Proof. It is clear that (1) implies (3). Let us show that (3) implies (2). By Lemma 
2.5, it suffices to show that every interval of G is the union of two disjoint 
intervals. 
Let a, b, a’, b’ be as in Lemma 2.5, and let x E Z(a, b’). Since G is 
interval-monotone, we have Z(a, b’) = Z(a’, b), so x E Z(a’, b). 
By the same argument used at the end of the proof of Lemma 2.3, we can show 
that x belongs to Z(a, b) or to Z(a’, b’). 
It is now sufficient to prove that (2) implies (1). As seen in Lemma 2.5, each 
interval Z(a, b’), with d(a, b’) = i + 1, is the union of two disjoint intervals Z(a, b) 
and Z(a’, b’), with d(a, b) = d(a’, b’) = i, a -a’ and b -b’; otherwise an 
interval, defined by two elements at distance h, must have more than 2h elements. 
Let a, a’, b, b’ and i be as before. Let x’ E Z(a’, b’), with x’ -a. If d(a’, x’) is 
not less than 2, then it is equal to 2 and (a’, a, x) is a geodesic. Hence 
a E Z(a’, b’), a contradiction. It follows that d(a’, x’) < 2. Moreover a’x’ $ E(G), 
because G is bipartite and thus x’ = a’. This proves that a is adjacent to a unique 
element of Z(a’, b’), i.e. to a unique element of Z(a, b’)\Z(a, b). 
Now IZ(a, 6’) f~ GI(a)l =f(i + 1) and IZ(a, b) f~ Gl(a)l =f(i). Hence f(i + 1) = 
f(i) + 1. It follows thatfis the identity on (1, 2, . . . , h} and G is interval-regular, 
so (Th. 2.4) it is a hypercube. Cl 
Note that the equivalence of (1) and (2) in the above theorem is close to (but 
different from) the statement (v) of [l, Th. 31. Also, Th. 2.6 provides a new 
characterization of hypercubes. 
As we shall see in the example following the next proposition, the hypothesis 
that f is strictly increasing cannot be deleted in Th. 2.6. 
Proposition 2.7. Let G be an F-geodetic and bipartite graph of diameter h. Zf 
f(h)#f(h - 1) and G is interval-monotone, then for every i = 1, 2, . . . , h - 1 we 
havef(i)+f(h-i)=f(h). 
Proof. Let a, b E V(G) with d(a, b) = h. Since G is interval-monotone, one can 
prove that for each x E Z(a, b) there is y E Z(a, b) with Z(X, y) = Z(a, b). 
Now if d(x, a) = i the degree of x in the subgraph of G induced on !(a, b) is 
f(i) + f (h - l), while, by the just proven property, it is f (h). 0 
An example illustrating Proposition 2.7 is drawn in Fig. 1. This graph G has 
already been considered by Kotzig [ll] in a different context. It is F-geodetic, 
322 R. Scapellato 
Fig. 1. 
and the associated function of F satisfies f(1) =f(2) = 1, f(3) =f(4) = 2 and 
f(5) = 3. In accordance with Proposition 2.7, it is interval-monotone. 
3. A special case 
Let G and H be graphs. We denote by G 0 H the graph obtained from the 
Cartesian product G X H adding, as in [2], some further edges: i.e. the vertices 
(x, a) and (y, b) are said to be adjacent if either (x, a) - (y, b) in G x H, or 
X-Y 
inGanda-binH. 
Again in accordance with [2], for each graph G we denote by xG (or 
abbreviated n) the relation on V(G) defined by: 
xny if and only if either x = y, or x - y and G,(x)\(y) = Cl(y)\ {x}. 
This relation turns out to be an equivalence, and all classes of R are complete 
subgraphs of G. 
We denote by G/K the graph whose vertices are the classes of 3c and in which 
[x] - [y] if and only if x -y. It is readily checked that diam(G/n) = diam(G). 
Lemma 3.1. Let G be a graph. Each class of n has order n if and only if G is 
isomorphic to (G/n) 0 K,. 
Proof. Suppose that each class of it has order n. For each [x] E V(G/n) pick a 
bijection fix1 :[x] --* { 1, 2, . . . , n}. Define ~1: V(G)+ V(G/z) X V(K,J, q :x I+ 
([x,1, fl&N. If XY E E(G) then [xl - [YI (in GM and h(x) -MY) (in K) and 
conversely; therefore cp is an isomorphism. 
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Vice versa, if G is isomorphic to H = (G/n) 0 K,,, then each class of G has 
order n, because the same property holds in H. In fact, the nH-class of (x’, a) E H 
is {x’} x K,. Cl 
Recall that a strong homomorphism from G to G’ is a function cp: V(G)-, 
V(G’) such that x -y if and only if qx - qy, for each x, y E V(G). 
Lemma 3.2. Let G be a graph and let ‘p: V(G)+ V(GIn), Q, :x *[xl. Then 9 is 
a strong homomorphism from G to G/z Moreover, if each class of JG has order n, 
then for every x, y E V(G) we have: 
~(4 Y) = y([xl, [y]) . nd(xsy)-‘. 
Proof. The first part of the assertion follows at once from the definition of JC. Let 
nowxandybeverticesofGandputd(x,y)=i.Asequencex=x,,x,,...,~~=y 
is a geodesic between x and y if and only if the sequence [x0], [xl, . . . , [xi] is a 
geodesic between [x] and [y], because Q, is a strong homomorphism. 
By choosing zi in each [xi] (i = 1, 2, . . . , i - l), we get a geodesic x, 
21, . . . , zi_,, y. Since the sequence of zi’s can be chosen in nd(x*y)-l ways, the 
result follows. Cl 
An easy consequence of Lemma 3.2 is 
Lemma 3.3. Let G be a graph, such that each class of JC has order n. Then G is 
F-geodetic (for some F) if and only if G/JC is F/-geodetic (for some F’). 
Moreover, for each i = 1, 2, . . . , diam(G) we have F(i) = F’(i) * nip’. 
A consequence of these lemmas is the following. Let F : { 1,2, . . . , h} + N be 
the function F : i H n’-‘, for a fixed n E N. Then, for every geodetic graph G’ of 
diameter h, the graph G’ 0 K,,, is F-geodetic. 
We remark that the graphs of the above lemma, for n # 1, cannot be 
distance-regular (except in the trivial case of complete graphs). Namely, if G is a 
graph, which is distance-regular but nof complete, then nG is the identity. In fact, if 
x and y are two non-adjacent vertices of G, with a common neighbour z, then 
K1(z, x) is non-empty, so for any pair x, z of adjacent vertices the set N_,(z, x) 
must be non-empty. Then from XJEZ it follows x = z. 
Theorem 3.4. Let G be an F-geodetic graph, such that f(i) = n for each 
i=2,3,..., diam(G) and some fixed n. Suppose that no neighbourhood is 
complete in G. Then Gln is geodetic if and only if G is isomorphic to (G/n) 0 K,,. 
Proof. If G is isomorphic to (G/n) 0 K,,, then each class of n has cardinality n 
(Lemma 3.1) and so (Lemma 3.3) G/JC is geodetic. 
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Let us suppose that G/J~ is geodetic. Then, for y E V(G), let x and z be two 
non-adjacent neighbours of y. If there is another common neighbour of x and z, 
say y’, then both ([xl, [y], [z]) and ([xl, [y’], [z]) are geodesics between [x] 
and [z]. Since G/X is geodetic, it follows that [y’] = [y], hence y’ny. There- 
fore, the common neighbours of x and z are exactly the elements of [y], so 
I]Yll = F(2) = n* 
It follows (Lemma 3.1) that G is isomorphic to (G/n) 0 K,. •i 
Note that the graph G has no complete neighbourhoods if and only if the same 
holds for G/z This last condition is certainly satisfied when G/n is a 2-connected 
geodetic graph of diameter at most three (see [15], Th. 2.2). 
Much more can be said when diam(G) = 2 and f(2) = 2. A detailed study of 
this case, together with several examples, can be found in [2]. 
Proposition 3.5. Let G be an F-geodetic graph, such that f(i) = n for each 
i=2,3,... diam(G) and some fixed n. Put G’ = G/n. Let (Y: V(G’)+ N be the 
function (Y: [x] I+ I[x]l. Then, for every x’, y’ E V(G’), with x’y’ $ E(G’), we get: 
(1) C,, a(~‘) = n, where z’ runs through N,(x’, y’). 
Conversely, if G’ is a graph, such that n o’ is the identity, and a: V(G’)+ N is a 
function such that (1) holds for each x’, y’ E V(G’), with x’y’ $ E(G’), then there 
is a graph G such that G’ is isomorphic to Gin and G b F-geodetic, with f (i) = n 
for each i = 2, 3, . . . , diam(G). 
Proof. Suppose that G is F-geodetic as in the assertion. Let x’ and y’ be 
non-adjacent vertices of G’, and let x E x’ and y E y’. Then Ni(x’, y ‘) = {[z] 1 z E 
N,(x, y)}, and hence the left-hand side of (l), taking into account Proposition 
1.2, is IN,(x, y)l =f (d(x, y)) = n. 
For the second part of the proof, we may consider each vertex of G’ as a set of 
order (I. We may also suppose that x’ n y' = 0 when x’ Zy’. 
Let V(G) = U {x’ 1 x’ E V(G’)}, E(G) = {xy 1 x fy, x’, y’ E V(G’), x E 
x’, y E y’ and d(x’, y’) =Z l}. It is readily checked that G’ = G/n (we must use the 
fact that 3tc, is the identity). 
For x, y E V(G), with xy $ E(G), we get 
j%(x, Y) = u {[zl I [zl l N1(]xl, [Yl)]. 
Fig. 2. 
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By (1) this last set has order n, hence (N,(x, y)l = n. By Proposition 1.2, we are 
done. q 
There are many graphs G’, satisfying the conditions of the above proposition; 
e.g. for the Petersen graph they hold for n = 3 and (~(2’) = 1 for all z’. 
There are also many graphs H, with nH = 1, such that a function cx as before 
does not exist, for any choice of n. In fact, if some N,(x, y) is a proper subset of 
N,(x,, yi) (where X, y, q, y, are vertices of H), then by (1) the sum C, (Y(Z), 
where z runs through N,(x,, yl)\N1(x, y), is zero. This is a contradiction, because 
cx takes its values in N. 
Such a graph is drawn in Fig. 2: there N,(l, 2) = (5) and N,(l, 4) = {5,7, 9). 
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